In this paper an analytical description of the hadron-hadron scattering is presented by using PMD-SQS-optimum principle in which the differential cross sections in the forward and backward c.m. angles are considered fixed from the experimental data. Experimental tests of the PMD-SQSoptimal predictions, obained by using the available phase shifts, as well as from direct experimental data, are presented. It is shown that the actual experimental data for the differential cross sections of all principal hadron-hadron [nucleon-nucleon, antiproton-proton, mezon-nucleon] scatterings at all energies higher than 2 GeV, can be well systematized by PMD-SQS predictions.
Introduction
The mathematician Leonhard Euler (1707-1783) appears to have been a philosophical optimist having written:
"For since the fabric of the universe is most perfect and the work of a most wise Creator, nothing at all takes place in the universe in which some rule of maximum or minimum does not appear. Wherefore, there is absolutely no doubt that every effect in universe can be explained as satisfactory from final causes themselves the aid of the method of Maxima and Minima, as can from the effective causes".
Yet this brilliant idea produced many strikingly simple formulations of certain complex laws of nature. From historical point of view the earliest optimum principle was proposed by Heron of Alexandria (125 B.C.) in connection with the behavior of light. Thus, Heron proved mathematically the following first genuine scientific minimum principle of physics: that light travels between two points by shortest path. In fact the Archimedean definition of a straight line as the shortest path between two points was an early expression of a variational principle, leading to the modern idea of a geodesic path. In fact in the same spirit, Hero of Alexandria explained the paths of reflected rays of light based on the principle of minimum distance (PMD), which Fermat (1657) reinterpreted as a principle of least time, Subsequently, Maupertuis and others developed this approach into a general principle of least action, applicable to mechanical as well as to optical phenomena. Of course, a more correct statement of these optimum principles is that systems evolve along stationary paths, which may be maximal, minimal, or neither (at an inflection point). Laws of mechanics were first formulated in terms of minimum principles. Optics and mechanics were brought together by a single minimum principle conceived by W. R. Hamilton. From Hamilton's single minimum principle could be obtained all the optical and mechanical laws then known. But the effort to find optimum principles has not been confined entirely to the exact sciences. In modern time the principles of optimum are extended to all sciences. So, there exists many minimum principle in action in all sciences, such as: principle of minimum action, principle of minimum free-energy, minimum charge, minimum entropy production, minimum Fischer information, minimum potential energy, minimum rate of energy dissipation, minimum dissipation, minimum of Chemical distance, minimum cross entropy, minimum complexity in evolution, minimum frustration, minimum sensitivity, etc. So, a variety of generalizations of classical variational principles have appeared, and we shall not describe them here.
Next, having in mind this kind of optimism in the paper [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] we introduced and investigated the possibility to construct a predictive analytic theory of the elementary particle interaction based on the principle of minimum distance in the space of quantum states (PMD-SQS). So, choosing the partial transition amplitudes as the system variational variables and the "distance" in the Hilbert space of the quantum transitions as a measure of the system effectiveness expressed in function of partial transition amplitudes we obtained the results [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . These results proved that the principle of minimum distance in space of quantum states (PMD-SQS) can be chosen as variational principle by which we can find the analytic expressions of the partial transition amplitudes In this project by using the S-matrix theory the minimum principle PMD-SQS will be formulated in a general mathematical form. We prove that the new analytic theory of the quantum physics based on PMD-SQS is completely described with the aid of the reproducing kernels from RKHS of the transition amplitudes. [1] [2] [3] [4] [5] .
Therefore, in Ref. [1] by using reproducing kernel Hilbert space (RKHS) methods [3] [4] [5] 17] , we described the quantum scattering of the spinless particles by a principle of minimum distance in the space of quantum states (PMD-SQS). Some preliminary experimental tests of the PMD-SQS, even in the crude form [1] when the complications due to the particle spins are neglected, showed that the actual experimental data for the differential cross sections of all principal hadron-hadron [nucleon-nucleon, antiproton-proton, mezon-nucleon] scatterings at all energies higher than 2 GeV, can be well systematized by PMD-SQS predic-tions (see the papers [1,] , Moreover, connections between the PMD-SQS and the maximum entropy principle for the statistics of the scattering quantum channels was also recently established by introducing quantum scattering entropies: S θ and S J [5] [6] [7] . Then, it was shown that the experimental pion-nucleon as well as pion-nucleus scattering entropies are well described by optimal entropies and that the experimental data are consistent with the principle of minimum distance in the space of quantum states (PMD-SQS) } [1] . However, the PMD-SQS in the crude form [1] cannot describe the polarization J-spin effects.
In this paper an analytical description of the hadron-hadron scattering is presented by using PMD-SQS-optimum principle in which the differential cross sections in the forward (x=+1) and backward (x=-1) directions are considered fixed from the experimental data. An experimental test of the optimal prediction on the logarithmic slope b is performed for the pion-nucleon and kaon-nucleon scatterings at the forward c.m. angles.
Description of pion-nucleon scattering via principle of minimum distance in space of quantum states (PMD-SQS)
First we present the basic definitions on the (0 − 1/2
Therefore, let f ++ (x)and f +− (x), be the scattering helicity amplitudes of the mezon-nucleon scattering process (see ref. [14] ) written in terms of the partial helicities f J− sand f J+ as follows
where the rotation functions are defined as
where P l (x)are Legendre polinomials,
, x being the c.m. scattering angle. The normalisation of the helicity amplitudes f ++ (x) and f +− (x), is chosen such that the c.m. differential cross section is given by
Then, the elastic integrated cross section is given by
Now, let us consider the following optimization problem:
when dσ dΩ (+1) and dσ dΩ (−1) are fixed. We proved that the solution of this optimization problem is given by the following results :
where the functions K(x,y) are the reproducing kernels [3] [4] [5] expressed in terms of rotation function by
while the optimal angular momentum is given by
Now, let us consider the logarithmic slope b of the forward diffraction peak defined by
Then, using the definition of the rotation functions, from (7)- (11) we obtain the optimal slope b o
Finally, we note that in ref. [13] we proved the following optimal inequality
which includes in a more general and exact form the unitarity bounds derived by Martin [18] and Martin-Mac Dowell [19] (see also ref. [20] ) and Ion [1, 21] . Indeed, since dσ dΩ (±1) ≥ 0, and
(Wik inequality) from the bound (14), we get
Experimental tests of the PMD-SQS-optimal predictions
For an experimental test of the optimal result (14) the numerical values of the slopes b o and b exp are calculated directly by reconstruction of the helicity amplitudes from the experimental phase shifts (EPS) solutions of Holer et al. [23] and also directly from the experimental data. The results are displayied in Fig 1-5 . Moreover, we calculated from the experimental data (see [24] [25] [26] [27] [28] [29] ) the following physical quantities:
SCALING FUNCTION:
SCALING VARIABLE:
and compared with the values of the PMD-SQS-optimal predictions obtained from OPTIMAL SCALING FUNCTION:
The results are presented in Fig. 6 . We must note that the approximation in (22) is derived by using the relation
Where J |µ−ν| (τ )are Bessel functions of order |µ − ν|. The experimental values of the logarithmic slopes (black circles) are compared with the values of optimal predictions (white circles) for the (a) P P → P P scatterings. Dashed curve correspond to an estimation of the MartinMacDowell bound [19] . 
The differential cross sections for π + P → π + P calculated by using eqs. (4) and the experimental phase shifts [12] are compared with the optimal state predictions given by eqs. (7)-(11). The differential cross sections for π + P → π + P calculated by using eqs. (4) and the experimental phase shifts [12] are compared with the optimal state predictions given by eqs. (7)-(11). The differential cross sections for π + P → π + P calculated by using eqs. (4) and the experimental phase shifts [12] are compared with the optimal state predictions given by eqs. (7)-(11).
Figure 10: The differential cross sections for π + P → π + P calculated by using eqs. (4) and the experimental phase shifts [12] are compared with the optimal state predictions given by eqs. (7)-(11).
Conclusions
The main results and conclusions obtained in this paper can be summarized as follows:
In this paper an analytical description of the hadron-hadron scattering is presented by using PMD-SQS-optimum principle in which the differential cross sections in the forward (x=+1) and backward (x=-1) directions are considered fixed from the experimental data. So, choosing the partial transition amplitudes as the system variational variables and the "distance" in the Hilbert space of the quantum transitions as a measure of the system effectiveness expressed in function of partial transition amplitudes we obtained the results [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
(i) The PMD-SQS optimal dominance in hadron-hadron scattering at small transfer momenta for p LAB > 2 GeV/c is a fact well evidenced experimentally by the results presented in Figs. 1-6. This conclusion can be also extended in low energy region.
(ii) In the low energy region, the optimal slope (13) (iii) We find that the presented experimental tests prove that the principle of minimum distance in space of quantum states (PMD-SQS) can be chosen as variational principle by which we can find the analytic expressions of the partial transition amplitudes.
Finally, we hope that our results are encouraging for an analytic description of the quantum scattering in terms of an optimum principle, namely, the principle of minimum distance in space of quantum state (PMD-SQS) introduced by us in ref. [1] .
